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Abstract 

We prove birational boundedness of Q-Fano varieties with Picard 
number one in arbitrary dimension. 
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1 Introduction 

Let X be a projective variety. X said to be Q-Fano variety, if 

1. X is Q-factorial with only log-terminal singularities [|, 

2. —Kx is ample. 

Q-Fano varieties play important roles in the classification theory of algebraic 
varieties. About Q-Fano varieties the following conjecture is well known. 

Conjecture 1 For a fixed positive integer n, the set of Q-Fano n-folds is 
hounded. 

This conjecture has been solved in the case of smooth Fano varieties ( ||T6| , |13 



and in the case of Q-Fano threefolds with Picard number one and only termi- 
nal singularities A. Borisov considered the case of Q-Fano threefolds 
with Picard number one (but he also assumed a bound on the global index). 

A Q-Fano variety with Picard number one is particulary interesting in 
minimal model theory because it appears as a fiber of an extremal contraction 
(cf Jill)- ■'■^ ^^^^ paper we prove the following theorems. 

Theorem 1.1 For every positive integer n the set of Q-Fano varieties of 
dimension n with Picard number one is birationally bounded. More precisely 
any Q-Fano n-fold with Picard number one is birational to a subvariety of 
degree < 2"n^" in a projective space. 



Theorem 1.2 For every positive integer n the set of Gorenstein Fano n- 
folds with Picard number one and only log-terminal singularities is bounded. 
More precisely for any Gorenstein Fano n-fold X with Picard number one 

^ See Definition 5.1. In the usual definition we assume that X has only terminal 
singularities instead of log-terminal singularities. In Borisov called a Q-Fano variety 
with Picard number one in this sense a Fano log-variety. 
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and log-terminal singularities there exists a positive integer v < n{n + 1) 
such that I —vKx \ gives a morphism which is one to one onto its image and 

deg$|_,;,^l(X) < 2"n3"'+"(n + 1)"' 

holds. 

Also for any Q,-Fano n-fold X with Picard number one and log-terminal 
singularities there exists a positive integer v < n{n + l)ind{X) divisible by 
ind{X) such that \ —vKx \ gives a morphism which is one to one onto its 
image and 

deg<l>|_,x^l(X) <2V^'+V"' 

holds. 



The above two theorems follow from the following theorem and the techniques 
in 
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Theorem 1.3 Let X be a projective variety with only log-terminal singular- 
ities. Assume that —Kx is big. Then there exists a positive integer uq such 
that 

1. I —uqKx I gives a birational rational embedding of X , 

2. X is covered by a family of subvarieties {V} with dim\^ = r > 1 and 

deg<l>|_,„^,l(l^)<2nV^ 

Moreover 

-Kx) < ^rfr' 

hold^. 

The proofs of the above theorems do not require Mori theory or existence 
of rational curves. Instead of Mori theory we use the theory of multiplier 
ideal sheaves. This contrasts to the previous results |]TB|, |TB|. 

To illustracte our method we shall review the method in |13[. Let X be 



a smooth Fano n-fold with Picard number 1. By Mori thoery, there exists a 
dominant family of rational curves {C} such that 

{-Kx)-C <n + l 



^For the definition of /i see Definition 2.5. 
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holds. Using the theory of Hilbert schemes, we see that any general two 
points on X can be joined by a chain of rational curves Ci, . . . ,Cr{r < n) 
such that 

{-Kx)-Ci <n + l{l<i<r) 

hold. Next we smooth out this chain and connect these points by a single 
rational curve C with 

{-Kx)-C <n{n + l). 
By Siegel type lemma (see flBI), this implies the inequality 

{-KxT <n-in + ir. 

Then Matsusaka type theorem (cf. [|l|) implies that | —n{n + l)Kx \ gives a 
one to one morphism from X into a projective space such that 

deg|_„(„+i);,,|(X)<n2"(n + l)2" I 

In the case of Q-Fano n-fold X, the difficulty to perform the similar proof 
lies in the following points : 

1. It is not clear whether X is rationally connected, 

2. Even if X is rationally connected, it seems to be difficult to smooth 
out the chains on the singular variety, 

3. —Kx is a Q-divisor. Hence we cannot apply the Matsusaka type the- 
orem directly. This means that an upper bound of {—Kx)"' does not 
imply the boundedness. 

The essential point of our proof is to construct a dominant family of 
subvarieties of degree (birationally or regularly) bounded by a constant de- 
pending only on the dimension in Q-Fano varieties by using multiplier ideal 
sheaves (Theorem 1.30). This is similar to the existence of a dominant fam- 
ily of irreducible rational curves {C} with {—Kx) ■ C < dimX + 1, but is 
different in nature because we consider the birational rational embedding in 
Theorem 1.3 (this overcomes the third difficulty above. The rest of the proof 
is essentially same as [|1^ . 



The method of the proofs is very similar to the one in my paper pOf which 
studied pluricanonical systems of projective varieties of general type. 

The author would like to express his hearty thanks to Prof. J. P. Demailly 
who informed him the proof of Theorem 2.3. 

■^The estimate given here is very rough and is not optimaL 

^Actually we only need the special case (the case that —Kx is ample) of Theorem 1.3. 
In this case we do not need to use an AZD in the proof. 
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2 Multiplier ideal sheaves 

In this section, we shall review the basic definitions and properties of multi- 
plier ideal sheaves. 

2.1 Definition of multiplier ideal sheaves and Nadel's 
vanishing theorem 

Definition 2.1 Let L be a line bundle on a complex manifold M. A singular 
hermitian metric h is given by 

h = e-'^ ■ ho, 

where h^ is a C°° -hermitian metric on L and ip G LJq^(M) is an arbitrary 
function on M. 

The curvature current Qh of the singular hermitian line bundle (L, h) is 
defined by 

0;, := e,,, + V^ddif, 

where Qho = V—^dd log ho is the curvature of ho in the usual sense and 
dd is taken in the sense of a current. The L^-sheaf C?{L, h) of the singular 
hermitian line bundle {L, h) is defined by 

C\L,h) := {a G TiU,OM{L)) \ h{cr,a) G LUU)}, 

where U runs open subsets of M. In this case there exists an ideal sheaf 
such that 

C\L, h) = Om{L) ®I{h) 
holds. We call T{h) the multiplier ideal sheaf of (L, h). If we write h as 

h = e-'P ■ ho, 

where ho is a C°° hermitian metric on L and ip G Lj^^lM) is the weight 
function, we see that 

I{h) = C\OM,e-n 
holds. We have the following vanishing theorem. 



Theorem 2.1 (Nadel's vanishing theorem /|7^, p. 561]) Let {L,h) be a sin- 



gular hermitian line bundle on a compact Kdhler manifold M and let u be a 



5 



Kdhler form on M. Suppose that Qh is strictly positive, i.e., there exists a 
positive constant e such that 

Oh > £^ 

holds. Then T{h) is a coherent sheaf of Om -ideal and for every q > 1 

m{M, Om{Km + L)^ X{h)) = 

holds. 

2.2 Multiplier ideal sheaves on singular varieties 

Let X be a normal projective variety. Then the canonical sheaf is defined by 

where i : X^eg — ^ X is the canonical injection. Let L be a line nundle on 
X or Q-Cartier divisor such that Kx + L is Cartier (in this case Kx must 
be also Q-Cartier). Let tt : X — > X be a resolution of X. h is said to be a 
singular hermitian metric on L, if 7r*L is a singular hermitian metric on 7r*L. 
Clearly this definition does not depend on the choice of the resolution. We 
define the multiplier ideal sheaf I{h) of L by 

OxiKx + L) (8) Iih)iU) ^{rje r(C/, OxiKx + L)) \ h ■ rj Afj e ^^(C/)}, 

where U runs open subsets of X. In the case of singular projective variety, 
to formulate vanishing theorems we need to use the following L^-dualizing 
sheaf instead of canonical sheaf. 

Definition 2.2 Let X be a normal projective variety. We define the L^- 
dualizing sheaf K^^ by 

kP{U) = {77 e m Ox{Kx)) \v^fj^ LlciU)}. 

Proposition 2.1 Let X be a normal projective variety and let L be a big 

Q-line bundle. Let x,x' be distinct points on X. Suppose that the following 
conditions hold: 

1. K^}^ = Kx, 

2. Kx + L is Cartier, 
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3. there exists a singular hermitian metric h on L such that Ox/1{h) has 
support at both x and x' and the support is isolated at x. 

4- Oh dominates a positive multiple of a Kdhler form induced by a pro- 
jective embedding of X into a projective space with the Fubini-Study 
Kdhler form. 

Then H^{X, Ox{Kx + L)) separates x and x' . 

Proof. Let vr : Y — > X be a resolution (of singularities) such that the 
exceptional set is a divisor D with normal crossings. Let D = Y^Dihe the 
irreducible decomposition. Let Tj G r(y, (9y(Dj)) be a section with divisor 
Di. Let ujy be a Kahler form on Y and we set 

u = uy + c - \f-[^dd\og{-\og II Ti II), 

where || || be the hermitian norm of Tj with respect to a C°°-hermitian 
metric on OyiDi) such that || r ||< 1 and c is a sufficiently small positive 
number. Then is a complete Kahler form on Xreg with Poincare growth at 
infinity. 

Since 7r*L is big, by Kodaira's lemma ([|12], Appendix]), there exists an 
effective Q-divisor E such that 7r*L — E is ample on Y . Let He be a C°°- 
hermitian metric on 7r*L — E and consider it as a singular hermitian metric 
on L with strictly positive curvature. Let us consider the singular hermitian 
metric 

h:=h'-^h%{X{{-\og \\T,\\r\ 

i 

on L, where e' « e are sufficiently small positive numbers. Then 0^ is 
strictly positive on Y and there exists a positive constant cq such that 

©ft > CqU 

holds on Xreg- And if we take e (hence also e') sufficiently small we see that 
Ox/1{h) has support at both x and x' and the support is isolated at x. Let 
Gx be a local generator of the locally free sheaf Ox{Kx + L) sX x defined 
on an open neighbourhood U of x. Let p be a C°°-function on X such that 
Supp pCCt/, 0<p<l and p = 1 on a neighbourhood of x. We set 

/ := <9(p- a^). 

If we take U sufficiently smal, by the assumtion that Kx = Kx holds, we 
see that 

I \ f ? —r < oo(n = dimX) 
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holds, where | / | is the hermitian norm of / with respect to h and 00. Now 
we consider the equation 

du = f 

on Xreg- Then by the Hormander's L^-estimate for (9-operators on complete 
Kahler manifolds, we see that there exists a solution u such that 

, n(n-l) f ~ ^ 1 /■ , ^ ,2 CJ"- 

{V^)^ h-uAu<- /'-r 



holds. Then by the L^-condition a 
H^{X, OxiKx + L)) such that a{x) 
the proof of Proposition 2.1. Q.E.D. 



:= p ■ ax — u extends to an element of 
= (Jx{x) and cr(x') = 0. This completes 



2.3 Analytic Zariski decomposition 

To study a big line bundle we introduce the notion of analytic Zariski de- 
compositions. By using analytic Zariski decompositions, we can handle a big 
line bundles like a nef and big line bundles. 

Definition 2.3 Let M he a compact complex manifold and let L he a line 
hundle on M. A singular hermitian metric h on L is said to he an analytic 
Zariski decomposition, if the followings hold. 

1. Qh is a closed positive current, 

2. for every m > 0, the natural inclusion 

H\M, OM{mL) iQr)) H\M, OM{mL)) 
is an isomorphim. 



Remark 2.1 // an AZD exists on a line hundle L on a smooth projective 
variety M , L is pseudoeffective hy the condition 1 ahove. 



Theorem 2.2 (/(i^, WAi ) L he a hig line hundle on a smooth projective 
variety M. Then L has AZD. 



More generally as for the existence for general pseudoeffective line bundles, 
now we have the following theorem. 
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Theorem 2.3 (j^) Let X be a smooth projective variety and let L be a 
pseudoeff'ective line bundle on X . Then L has an AZD. 

Proof. Let Hq be a fixed C°° -hermit ian metric on L. Let E be the set of 
singular hermitian metric on L defined by 

E = {h; h : singular hermitian metric on L, B/^is positive, — > 1}. 

ho 

Since L is pseudoeffective, E is nonempty (cf.[0]). We set 

hL = ho- inf ^, 

h£E ho 

where the infimum is taken pointwise. Since the supremum of a family of 
plurisubharmonic functions bounded uniformly from above is known to be 
again plurisubharmonic if we modify the supremum on a set of measure 
0(i.e., it we take the uppersemicontinuous envelope) by the work of P. Lelong 
(0, p. 26, Theorem 5]) , we see that hi is also a singular hermitian metric 
on L with 0/i > 0. Suppose that there exists a nontrivial section a G 
r(X, Ox{fnL)) for some m (otherwise the second condition in Definition 2.3 
is empty). We note that 

1 



I cr I ™ 

is a singular hermitian metric on L with curvature 27rm~^(cr), where we have 
considered the divisor (cr) as a closed positive current. By the construction 
we see that there exists a positive constant c such that 

1 

^ >c - hi 

I (J I m 

holds. Hence 

a e H%X,Ox{mL)®l{h'^)) 
holds. This means that h^ is an AZD of L. Q.E.D. 



The above construction also valid for the case of pseudoeffective line bundles 
on normal varieties. Let X be a normal projective variety and let L be 
a pseudoeffective line bundle on X. Let vr : X — > X be a resolution of 
singularities of X. Then Theorem 2.3 implies that there exists an AZD h^ 
on 7r*L. We set hi be the singular hermitian metric on L induced by h^. 
Then /i^ is an AZD of IQ. 

^Although is defined outside of a set of measure 0, this is enough. 
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2.4 Lelong number and structure of closed positive 
currents 

Definition 2.4 Let T be a closed positive (1, l)-current on the unit open 
poly disk A" with center O. Then by dd-Poincare lemma there exists a 
plurisubharmonic function if on A" such that 

T = ^ ^ ddi^. 

IT 

We define the Lelong number z/(T, O) at O by 



i^iT, O) = liminf 



log I a; I ' 

where \ x \= {J2 \ Xi p)^/^. It is easy to see that u{T,0) is independent of 
the choice of (f and local coordinate around O. Let V be a subvariety of A"'. 
Then we define the Lelong number z/(T, V) by 

uiT,V) = miuiT,V). 

Remark 2.2 More generally the Lelong number is defined for a closed pos- 
itive {k, k) -current on a complex manifold. 

The singular part {Qh)sing is analysed by the following theorem. 

Theorem 2.4 (^T3^, p. 53, Main Theorem]) LetT be a closed positive {k,k)- 
current on a complex manifold M. Then for every c > 

{x e M \ u{T,x) > c} 

is a subvariety of codimension > k in M. 

The following lemma shows a rough relationship between the Lelong num- 
ber i>{Qh,x) at X G X. and the stalk of the multiplier ideal sheaf T{h)x at 

X. 

Lemma 2.1 p. 284, Lemma 7/j^/,/(7^, p. 85, Lemma 5.3]) Let (p be a 
plurisubharmonic function on the open unit poly disk A" with center O. Sup- 
pose that e~'^ is not locally integrable around O. Then we have that 

iy{y/^dd^, 0)>2 

holds. And if 

u{v^ddip, O) > 2n 
holds, then e~'^ is not locally integrable. 
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2.5 Volume of subvarieties 



Let L be a big line bundle on a smooth projective variety X. To measure the 
total positivity of L on a subvariety of X. We define the following notion. 

Definition 2.5 (j^^) Let L be a big line bundle on a smooth projective 
variety X and let h be an AZD of L. Let Y be a subvariety of X of dimension 
r. We define the volume ^{Y,L) ofY with respect to L by 

l^{Y,L) := r! lim sup m"'^ dim (Cy(mL) ®X(/i"))/tor). 

Remark 2.3 // we define fi{Y, L) by 

L) := r! lim sup m"" dim H%Y, OY{mL)) 

m— >oo 

then it is totally different unless Y = X . 

3 Stratification of varieties by multiplier ideal 
sheaves 

Now we start the proof of Theorem 1.3. For the proof of Theorem 1.1 and 
Theorem 1.2, we only need to consider the case that —Kx is ample (hence it 
admits a C°°-hermitian metric with strictly positive curvature). In this case 
we can greatly simplify the proof below, since we do not need to consider 
AZD's. 

3.1 Anticanonical rings 

Let X be a projective ra-fold with only log-terminal singularities. Assume 
that —Kx is big. For notational simplicity we denote —Kx by L in this 
section. Let ind(X) be the global index of X defined by 

ind(X) = min{r G Z>o | rKx is Cartier.}. 

Then by the assumption ind(X) -L is a Cartier divisor on X. For every closed 
point X E X, there exist an affine open neighbourhood U of x and ind(X) 
sheeted abelian covering 

n-.U — >U 
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such that Kjj = 7r*Ku. This is called the canonical covering of U. We note 
that for every m > 

r{U, Oui-mKu)) ~ T{U, Oij{-mK^)f 

holds, where G denote the Galois group Gal{U/U). Hence we see that the 
direct sum of the plurianticanonical systems 

R{X, -Kx) = (Bn,>or{X,Ox{-mKx)) 

is a ring under the assumption. We call it the anticanonical ring of X. 

3.2 Construction of the stratification 

For the notational simplicity we shall assume that X is smooth for the mo- 
ment. In fact for the proof of Theorem 1.1, 1.3 we only need to consider the 
birationality. Hence if X is singular, thanks to the ring structure of R{X, L), 
we just need to consider on Xreg and use Lamma 5.1 below to apply the 
L^-vanishing theorem on Xreg which admits a complete Kahler metric. Let 
h be an AZD of L. We set 

X° ■={xeX \ uiOh-x) = 0}. 

Then we see that X° is a nonempty open subset^of X in countable Zariski 
topology by Theorem 2.4 and we see that for every x G X°, 

Ah^x = Ox,. 

holds for every positive integer m by Lemma 2.1. 
Let us denote L) by /io- 

Lemma 3.1 Let x,y be distinct points on X° . We set 

M.^y = ® My 

Let 6 be a sufficiently small positive number. Then 

H%X, OximL) ® Mir"^'''^^^) ^ 

for every sufficiently large m, where A4x,-My denote the maximal ideal sheaf 
of the points x, y respectively. 

^Actually X° contains a nonempty Zariski open subset of X, by Kodaira's lemma. 
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Proof of Lemma 3.1. Let us consider the exact sequence: 

H\X,Ox{mL)®X{h^)/M[T^'~'^^\ 



Since 





T 


2 


(T 


2/mo 



n\ lim sup m-" dim H^{X, Ox{mL)®X{hr) / mS ) ^ Ho{l-eY < 

hold, we see that Lemma 3.1 holds. Q.E.D. 



Let us take a sufficiently large positive integer mo and let o" be a gen- 
eral (nonzero) element of H'^{X.,Ox{'rnQL) ® A^x^^ ^ "Vi^y define a 
singular hermitian metric /iq on L by 

/io(t,t) := 

Then 

Qho = — (^) 

mo 

holds, where (a) denotes the closed positive current defined by the divisor 
(cr). Hence G/j^ is a closed positive current. Let a be a positive number and 
let Xo(q;) denote the multiplier ideal sheaf of /iq, i.e., 

Xo{a)^C\OxA^r)\ 
nx 

where hx is an arbitrary C°°-hermitian metric on L. Let us define a positive 
number q;o(= Q;o(a;, t/)) by 

ao := inf{Q; > | {OxlX{a)), ^ and (Ox/X(q;))^ ^ 0}. 

Since (Z)"=i | Zi \'^)~^ is not locally integrable around O e C", by the con- 
struction of /iq, we see that 



holds. Then one of the following two cases occurs. 
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Case 1.1: For every small positive number S, Ox/^{<yo — ^) has 0-stalk at 
both X and y. 

Case 1.2: For every small positive number 6, Ox/^{<yo — S) has nonzero-stalk 
at one of x or y say y. 



For the first we consider Case 1.1. Let 5 be a sufficiently small positive 
number and let Vi be the germ of subscheme at x defined by the ideal sheaf 
T(ao + S). By the coherence of T(a)(a > 0), we see that if we take 6 suffi- 
ciently small, then Vi is independent of 6. It is also easy to verify that Vi is 
reduced if we take 6 sufficiently small. In fact if we take a log resolution of 
{X, ^(o")), Vi is the image of the divisor with discrepancy —1 (for example 
cf. P, p.207]). Let Xi be a subvariety of X which defines a branch of Vi at 
X. We consider the following two cases. 

Case 2.1: Xi passes through both x and y, 
Case 2.2: Otherwise 



For the ffist we consider Case 2.1. Suppose that Xi is not isolated at x. 
Let rii denote the dimension of Xi. Let us define the volume /ii of Xi with 
respect to Kx by 

/ii := (ni)!limsupm-"^ dim (C^i (mL) ® J(/i"))/tor). 

m— >oo 

If we take x sufficiently general, we may assume that /ii > holds. Also 
since x, y G X°, Xi n X V holds. 

Lemma 3.2 Let e be a sufficiently small positive number and let Xi,X2 be 
distinct points on Xi reg H X° . Then for every sufficiently large m > 1, 

r "i,iu(i c) " 1 

H''{Xi,{OxML) ®I{h^))/tor ) 7^ 

holds. Moreover for any Cartier divisor G on Xi, 

H\Xi,{OxAT^L-G)®I{h'^))/tor®M\cJc2 ^)^0 
holds for every sufficiently large m> 1. 



14 



Proof. We note that T{K^)x, = Ox,xAi = 1>2) hold. Then the proof of 
Lemma 3.2 is identical as that of Lemma 3.1. Q.E.D. 



By Kodaira's lemma there is an effective Q-divisor E such that L — E is 
ample. Let ^ be a sufficiently large positive integer such that 

A:=i{L-E) 

is a line bundle. We shall replace X° by X° — SuppE and denote again by 
X°. 

Lemma 3.3 [| // we take i sufficiently large, then 

0^ : H\X, OximL + A) (g) J(/i'")) i7°(Xi, Ox, {jriL + A) ® I{h^)) 
is surjective for every m > 0. 

Proof. Let us take a locally free resolution of the ideal sheaf 2xi of Xi. 

0^Ix,^Si^S2< ^Sk^O. 

Then by the trivial extention of Nadel's vanishing theorem to the case of 
vector bundles, we have : 

Sublemma 3.1 If £ is sufficiently large, 

H\X, Ox{mL + A) ® J(/i") ® Sj) = 
holds for every m > 1, q > 1 and 1 < J < /c [|. 

Proof. In fact if we take i sufficiently large, we see that for every j, Ox{A — 
Kx) ® Sj admits a C°°-hermitian metric Qj such that 

holds, where a; is a Kahler form on X. By [^, Theorem 4.1.2 and Lemma 
4.2.2], we complete the proof. Q.E.D. 

'^Here we have assumed that X is smooth for simphcity. If X has fog-terminal singu- 
larities, we need to assume that (m + 1)L and A are Cartier as in the remark below. But 
the proof is essentially the same. In the case that L is ample, Lemma 3.3 follows from 
Serre's vanishing theorem. 

^For more general vanishing theorem for singular hermitian vector bundles, see B. 
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Remark 3.1 Suhlemma 3.1, 3.2 (below) and Lemma 3.3 also holds in the 
case that X has log-terminal singularities. In this case Kx = Kx holds (cf. 
Lemma 5.1 below). Let us consider X^eg as a complete Kdhler manifold as 
in the proof of Proposition 2.1 above. Then if we assume that mL — Kx = 
(m + 1)L and A are Cartier, the L"^ -vanishing theorem as in Theorem 
4.1.2] on the complete Kdhler manifold Xreg immediately implies that 

H\X, Ox{mL + A) ® J(/i™) ® Sj) = 

holds for every such m > 1 and every I < j < k. 

Let 

be a successive blowing ups with smooth centers such that p^X{h"^) is locally 
free on 

Sublemma 3.2 [] 

R''p^^iOyjKyJ®I{p*^hn) = 

holds for every q > 1 and m > 1. 

Proof. This sublemma follows from Theorem 2.1. □ 



By Sublemma 3.1, Sublemma 3.2 and the Leray spectral sequence, we see 
that 

H^iYm, Oy^ (Ky^ + pU^L + A-Kx))® Apl^h^ ® £j) = 

holds for every g > 1 and m > 1. We note that by the definition of the 
multiplier ideal sheaves 

Pm.{Oy^{KYj®X{pl,h^)) = Ox{Kx)®I{hn 

holds. By Sublemma 3.1, Sublemma 3.2 and the Leray spectral sequence, we 
see that 

H^iY^,OyjKy^+pl{m L + A-Kx))® Aptfin ® P^Sj) = 

^If X has log-terminal singularity we take Pm such that Ym is smooth. 
^"This sublemma also holds in the case that X has log-terminal singularities. 
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holds for every q > 1 and m > 1. Hence 

holds. Hence every element of 

H%Y^, OyjKy^ + p*^{mL + A-Kx)0 Apl^h^) ® Oy^/p*M 

extends to an element of 

Oy^{Ky^ +P*mimL + A- K x) ® I{pl,h^))) 

Also there exists a natural map 

H\X^,OxAmL) ®I{hJ^)) ^ 

H\Yrn, OyjKy^ + pt,{mL + A- Kx)) ® I{p*mh"') ® Oyjpllx,). 
Hence we can extends every element of 

plH%X,, OxAmL + A) ®I{h^)) 

to an element of 

H\Y^, OyjKy^ +p*^(mL + A- Kx)) ®X{pl,h^)) 

Since 

H^Yrr^, OyjKy^ + p^mL + A-Kx)® Aplh"')) ^ 
H%X, OximL + A)®I{h'^)) 
holds by the isomorphism 

pUOyjKyJ^Iiplh^))) = OxiKx) ®I{h^), 

and Sublemma 3.2, this completes the proof of Lemma 3.3. Q.E.D. 

Let r be a general section in H^{X, Ox{A)). 

Let mi be a sufficiently large positive integer and let a[ be a general 
element of 

H\Xi, {OxAmiL - F) X{h^'))/tar ® M.Z, ), 
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where Xi,X2 E Xi D X° are distinct nonsingular points on Xi and F is an 
effective Cartier divisor independent of mi on Xi such that every element of 

r "i/irrd— £~i "'i i 

{OxMiL + A- F)®I{h^^))/tor ® mIZ, ), 

extends to an element of 

H\X^, OxAmiL + A)0 

The existence of such F can be verified as follows. Let / : Y — > X be an 
embedded resolution of Xi. Let Xi be the strict transform of Xi. Then an 
element of 

H\Xr, Oj^^ifimiL + A)) ® ri{h^^)) 
extends to an element of to 

H'{Y, OrinmiL + A)) ® ri{h^^)/ fix,), 

if the element has enough zeros (which is independent of mi) along {f~^{Xi) — 
Xi)riXi. And also 

0^^inm,L + A))®ri{h"^^) 

is torsion free as a sheaf on Xi because Xi is regular and this sheaf is a 
subsheaf of a locally free sheaf. Hence the existence of F is clear. 

By Lemma 3.2, we may assume that a[ is nonzero. Then by Lemma 3.3 
we see that 

r "],Ti7ri c) '"^ 1 

a[®Te H\X^, Ox,{miL + A) ® X{K^^) ® mIJx, ) 

extends to a section 

cTi e H%X, Ox{(m + £)L) ® X{K^+^)). 

Suppose that xi,X2 ^ Supp E. We may assume that there exists a neighbour- 
hood [/a;i,3;2 {^1) ^2} such that the divisor (cri) is smooth on Uxi,x2 ~ by 
Bertini's theorem, if we take I sufficiently large because by a trivial extention 
of Lemma 3.3, 

Ox{mL + A)® ^ H\X, Ox{mL + A) ® I{N^))/Ix, ■ M,) 

is surjective for every z E X and m > 0. We define a singular hermitian 
metric hi on L by 

hi = ^— . 

I (7i I '"1+^ 
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Let ^0 be a sufficiently small positive number and let Xi (a) be the multiplier 
ideal sheaf of ho"~'° ■ /i?,i.e., 

Suppose that x,y are nonsingular points on Xi fl X°. Then we set xi = 
x,X2 = y and define ai(= ai{x,y)) > by 

ai := inf{a | {Ox/Ii{a)), ^ and {O x /Ma)) y ^ 0}. 

By Lemma 3.3 we may assume that we have taken mi so that 

i M//ii 



holds. 

Lemma 3.4 

«i < + 0{eo) 

To prove Lemma 3.4, we need the following elementary lemma. 
Lemma 3.5 (j^, p. 12, Lemma 6]) Let a,b be positive numbers. Then 



dr2 = r^^ / T^—^iTTl^drs 



{rl + 4^)' ' ^ Jo + 
holds, where 

Proof of Lemma 3.4- Let {zi, . . . , Zn) be a local coordinate on a neighbour- 
hood Ux of a; in X such that 

UxnXi = {qeU \ Zn^+i{q) = ■■■ = Zn{q) = 0}. 

We set ri = {E7=m+i I l^Y^^ and rs = (Er=i I l^Y^^- Then there exists 
a positive constant C such that 
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holds on a neighbourhood of x, where || || denotes the norm with respect to 
We note that there exists a positive integer M such that 

holds on a neighbourhood of the generic point of U^nXi, where || || denotes 
the norm with respect to . Then by Lemma 3.5, we have the inequality 

ai < ( ) — — + 0{eo) 

mi "-^/Jh 

holds. By using the fact that 



— <eo- 



we obtain that 



Oil < — + 0[eo) 



holds. Q.E.D. 



If a; or ?/ is a singular point on Xi, we need the following lemma. 

Lemma 3.6 Letip he a plurisubharmonic function on A^xA. Let (pt{t G A) 
be the restriction of ip on A" x {t}. Assume that e""^* does not belong to 
Ll^iA"", O) for every t e A* . 

Then e~'^° is not locally integrable at O E A". 



Lemma 3.6 is an immediate consequence of ||T^, p. 200, Theorem]. Using 
Lemma 3.6 and Lemma 3.5, we see that Lemma 3.4 still holds in this case 
by letting xi ^ x and X2 y. 



For the next we consider Case 1.2 and Case 2.2. We note that in Case 2.2 
by modifying a a little bit , if necessary we may assume that (Cx/2^(«o — 
e))y 7^ and {Px/1{oiQ — e'))^ = hold for a sufficiently small positive 
number e' . For example it is sufficient to replace a by the following a' 
constructed below. 

Let X[ be a subvariety which defines a branch of 

Spec(Cx/X(a + 5)) 
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at y. By the assumption (changing Xi, if necessary) we may assume that X[ 
does not contain x. Let m' be a sufficiently large positive integer such that 
m' /iriQ is sufficiently small (we can take mo arbitrary large). 
Let be a general element of 

where Ix[ is the ideal sheaf of X[. If we take m' sufficiently large, Ty is not 
identically zero. We set 

a' = a ■ Ty. 

Then we see that the new singular hermitian metric H'q defined by a' satisfies 
the desired property. 

In these cases, instead of Lemma 3.2, we use the following simpler lemma. 

Lemma 3.7 Let e he a sujficiently small positive number and let Xi he a 
smooth point on Xi n X° . Then for a sufficiently large m> 1, 

H%Xi, (OxAmL) ®X{K^))/t(yr ® r^"Vw(i-e)mi ^ g 

holds. 

Then taking a general (t[ in 

//°(Xi, {OxAmiL)®I{hr') ® M[;^('-")"^^^)Aor), 

for a sufficiently large mi. As in Case 1.1 and Case 2.1 we obtain a proper 
subvariety X2 in Xi also in this case. 

Let Uq be a Zariski open subset of X such that ^\mL\ is an embedding 
on Uq for some m. Inductively for distinct points y G C/q, we construct a 
strictly decreasing sequence of subvarieties 

X = XQ{x,y) D Xi(x,y) D • • • D Xr(x,y) D Xr+i(x,y) = {xjURyOr R^U{y}, 

where Ry (resp. R^) is a subvariety such that x dcos not belong to Ry (resp. 
y belongs to Ry) . and invariants : 

ao{x,y),ai{x,y), . . . ,Q;^(a;,y), 

l^o,l^i(x,y),...,iir{x,y) 

and 

n > rii > ■ ■ ■ > rir- 

By Nadel's vanishing theorem (Theorem 2.1) we have the following lemma. 
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Lemma 3.8 Let x,y be two distinct points on Uq. Then for every m > 
mUoO^ii^^y) - 1]; ^\mL\ separates x and y. 

Proof. For simplicity let us denote ai{x,y) by ai. Let us define the singular 
hermitian metric hx^y of (m + 1)L defined by 

^-1 _i 

where be a C°° -hermitian metric on A with strictly positive curvature^ 
and Ea is a sufficiently small positive number. Then we see that X{hx,y) 
defines a subscheme of X with isolated support around x oryhj the definition 
of the invariants {a^j's and the curvature of h^^y is strictly positive. Then 
by Nadel's vanishing theorem we see that 

H\X, Ox{Kx + (m+ 1)L) ® J(/i,,,)) = 0. 

This implies that $|mL| separates x and y. Q.E.D. 



We note that for a fixed x, J2i=o(^i{x,y) depends on y. We set 

r 

a{x) = sup ^ ai 

and let 

X = Xo D Xi D X2 D ■ ■ ■ D X^+i = {x} U Ry 01 U {y}, 

be the stratification which attains a{x), where Ry (resp. Rx) is a subvariety 
such that X deos not belong to Ry (resp. y belongs to Ry). In this case we 
call it the maximal stratification at x. We see that there exists a nonempty 
open subset U in countable Zariski topology of X such that on U the function 
a{x) is constant and there exists an irreducible family of stratification which 
attains a{x) for every x E U. 

In fact this can be verified as follows. We note that the cardinarity of 

{X,(x, y) \x,y eX,xj^y{i = 0,l,...)} 

^^We note that A is ample. Here we have considered hA as a singular hermitian metric 
on L with strictly positive curvature. 
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is uncontably many, while the cardinality of the irreducible components of 
Hilbert scheme of X is countably many. We see that for fixed i and very 
general x, {Xi[x,y)} should form a family on X. Similary we see that for 
very general x, we may assume that the maximal stratification {Xi{x)} forms 
a family. This implies the existence of U. 

And wc may also assume that the corresponding invariants {ao, ■ ■ ■ , ctr}, 
{Ho, . . . , fir}, {n = uq . . . , rir} are constant on U. Hereafter we denote these 
invariants again by the same notations for simplicity. The following lemma 
is trivial. 
Lemma 3.9 



Oli < — + 



hold for 1 <i <r. 
Proposition 3.1 For every 



m> - 1] 

1=0 



I mL I gives a birational rational map from X into a projective space. 
Combining Proposition 3.1 and Lemma 3.9, we obtain: 
Corollary 3.1 For every 



m > 

i=0 '^<fWi 



I mL I gives a birational rational map from X into a projective space. 

4 Proof of Theorem 1.3 

In this section we shall use the same notations and conventions as in the last 
section. Let x,x' be distinct points in U. Let us denote —Kx by L. Let 

X = Xo D Xi D ■ ■ ■ D Xr D {x} U R^r 

be the stratification at x, x'. Let Hi = iJ,{Xi, L) and ni = dimXj. By Lemma 
3.9 

oti < — ^ + 
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holds, where Ei-i is a positive number which can be taken arbitrary smalL 
Since X is complete, 

i=0 

holds. In fact if 

r 
i=0 

holds, there exists a nonconstant holomorphic function on X. This is the 
contradiction. Hence 

holds. We set 

a := max . 



Then 

1 

a>- 
n 

holds. Let j be the positive integer such that 

a — 



holds. We set r — rij. Then 



holds. Now we use the ring structure of R{X, —Kx)- 
Lemma 4.1 If ^\mL\ \xj is birational rational map onto its image, then 

deg<^\rnL\{Xj) < m'^'iij 

holds. 

Proof. Let p : X — )• X be the resolution of the base locus of | mL \ and let 

p* I mL 1 = 1 P„ I 

be the decomposition into the free part | Pm \ and the fixed component F„i. 
Let pj : Xj — > Xj be the resolution of the base locus of \xj obtained by 
the restriction of p on p~^{Xj). Let 

p*{\mL\x^)^\ P^j I +F^j 
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be the decomposition into the free part | Pm,j \ and the fixed part Fm,j- We 
have 

deg$|^i|(X,) = PV 
holds. Then by the ring structure of —Kx), we have that 

is injective for every v > 1. Hence there exists a natural morphism 

H\X„ Ox, [i^Prnj)) H\X,, {Ox, (muL) ® J(/i"'^))/tor) 

for every v >1. This morphism is clearly injective. This implies that 

p . 

holds. Since P^j is nef and big on Xj we see that 

MX„%^)=m-^P:^, 

holds. Hence 

IX, > m-^^PZ 

holds. This implies that 
holds. Q.E.D. 

By Lemma 4.1, we have the following inequalities: 

deg$|[«]i|(X,.) < < ^.^{n^^p = 2nV 



holds (we note that {si} can be taken arbitrary small). Hence by the count- 
ability of the irreducible components of Hilbert scheme, moving x as in Sec- 
tion 3, we complete the proof of Theorem 1.3. Q.E.D. 



The following proposition is trivial by the above argument. 
Proposition 4.1 // 

-Kx) > 2n2" 

then dim V < dim X — n holds. 
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5 Proofs of Theorem 1.1 and 1.2 



In this section we shall prove Theorem 1.1 and 1.2 by using Theorem 1.3. 
The proofs are almost indentical as the one in [l^. Hence we do not repeat 
the full detail. The only difference is the use of the covering family of curves 
of low degree constructed via Theorem 1.3 instead of the covering family 
of rational curves of degree less than dimX + 1 with respect to —Kx on a 
smooth Fano variety X with Picard number one in |jl6|. 



5.1 Projective embedding 

Definition 5.1 Let X he a projective variety. We say that X has only log- 
terminal singularity, if X is Q-Gorenstein, i.e. Kx is a Q-Cartier divisor 
and there exists a resolution vr : X — > X such that 

1. the exceptional set is a divisor E = J2 Ei with normal crossings, 

2. Kj^ = 7T*Kx + J2 o-iEi with > — 1 for all i. 

The following lemma is an immediate consequence of the definition of 
log-canonical singulatities. 

Lemma 5.1 Let X he a projective variety with only log-terminal singulari- 
ties. Then Kx = Kx^ holds. 

The importance of Lemma 5.1 is in the fact that we can construct only 
sections of H^2){-^reg, OximL)) by the L^-estimates of 9-operators (here we 
consider sections of Ox{mL) as a (m + 1)L- valued canonical forms on X) . 

(2) 

Hence is is important to know whether Kx = Kx holds or not. 

Lemma 5.2 Let X he a Gorenstein Fano variety with only log-terminal sin- 
gularities. Then there exists a positive integer v < n{n + 1) such that 

1. I —vKx I gives a one to one morphism into a projective space, 

2. X is dominated hy a family of irreducihle curves {C} such that 

deg$|_,^,l(C) <2nVV. 

for some 1 <r <n 
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Proof. By Corollary 3.1 we see that for every 



m > 

I mL I gives a birational rational map from X into a projective space. Since 
L(= —Kx) is ample Cartier divisor, we see that /Xj > 1 holds. Since 

V^^<n(n+1) 

holds, this implies that for every m > n{n + 1), | mL \ gives a birational 
rational map from X into a projective space. We note that since L is ample, 
X° = Xreg hoMs. Hcncc by Proposition 2.1, the proof of Proposition 3.1 
implies that for every m > n{n + 1), \ mL \ gives a one to one morphism 
from Xreg into a projective space 0. Now the first assetion of Theorem 1.2 
follows from the following lemma (just replace Lemma 3.6 by the lemma 
below) and Lemma 5.1. 

Lemma 5.3 Let Z be a closed n- dimensional suhvariety of the unit open 
polydisk and let ip be a plusisubharmonic function on Z x A, where A 
is an open unit disk in C. Let t be the standard coordinate on A. Then 
there exists a positive constant Cz depending only on Z such that for every 
f e T{Z,OziKz)) such that 



-1) 2 



/ e- V A / < oo 

there exists a holomorphic {n + l)-form F on Z x A such that 
L F \z=dtAf, 

J > n(nA-l) — , , , rtirt — V) — 

2. iV^)^ J,,^e-^F AF <CziV^)^ Jze-^f A f 

This lemma is an immediate consequence of the L^-extention theorem ( [p!7| , 
p. 200, Theorem]). 

Next we shall take the dominating family of r-dimensional subvarieties 
V = {y} as in Theorem 1.3. Let C := {C} be the family of general hyper- 
plane sections 

c = Hin---n Hr-i n v. 



^^If two distinct points x,y ^ X^eg are special, then the stratification Xq D Xi{x,y) Z) 
• • • may be longer than r + 1, but in any case the length of the stratification is less than 
or equal to n + 1 . 
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where {Hi} are hyperplanes. Then the lemma is clear by the definition of 
{V} in Section 4 ({V^} is a family of the strata X^'s in the proof of Theorem 
1.3) and Lemma 4.1. Q.E.D. 



5.2 Covering lemma 

The following lemma is the key point of the argument in |T^ 



Lemma 5.4 f^Tdj, p. 687, Lemma 2]) Let M he a complete irreducible variety, 
and let N G M X T be a family of proper subscheme of M parametrized by 
a projective scheme T . Suppose that M is a union of all the N . Then there 
exists a closed hypersurface in M that is the union of some of the Nt- 

5.3 Completion of the proof 

Let V < n{n + 1) be the positive integer as in Lemma 5.2. Suppose that 

deg$|_,,^,l(X)>n"(2nW^)" 

holds. We set 

d := 2nVV^ 

Fix any x G Xreg- Then for sufficietly large m, there exists a section 

aer{X, Oxi-muKx)) - {0} 

whose vanishing order at x strictly exceeds ndm. We set 

Wj = {p e X \ multp((T) > 1 + mdj}. 

We have a decending chain of sub varieties 

WqDWiD ■■■DWn3 X. 

For each j G {0, . . . , n}, we choose an irreducible component of Wj containing 
X, and denote this irreducible component by Wj. We may assume that these 
irreducible components have been chosen so that 

W^DW[d ■■■DW;^3 X. 

Since this chain has length greater than n = dimX, there exists some j such 
that 
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holds. We set W = W^. 

Let C be the family of curves as in Lemma 5.3. Then as in [0, p. 687], by 
the product theorem p. 686, Theorem 2] (the genus of C may be positive, 
but the product theorem can be easily generalized to the higher genus case 
as in 1^) we see that for every C E C, we see that if 

c n w,+i 7^ 

holds, then 

CCW, 

holds. Hence by the definition of W, for every C G C either 

C CW 

or 

cnw = ^ 

holds. 

Now we move x in X^eg- Then we may assume that the above W forms 
a dominating family of subvarieties W = {Wt}teT- Then by the covering 
lemma (Lemma 5.4)we see that there exists a hypersurface D which is a 
union of some Wt- Then for every C G C, we see that either 

CCD 

or 

CnD = 

holds. Since C is a dominating family, there exists Cq C C such that 

Co n D = 

holds. This contradicts to the assumption that the Picard number of X is 
one. Hence we have that 

deg$|_.^,l(X)<n"(2nVV^)'^ 

holds (1 < r < n). Since 1 < r < n and u < n{n + 1), we see that 

deg$|_,,^^|(X) < n"(2n2")"n"'(n + 1)"' 

holds. This completes the first half proof of Theorem 1.2. The proof of the 
latter half of Theorem 1.2 is parallel. Q.E.D. 

The proof of Theorem 1.1 is completely parallel^ . Hence we omit it. 

^•^In this case we take v to be vq. Hence may not be a morphism and we need 
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